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ABSTRACT
Equivalences between the condition |[PY(x)|= K(n'V1—x*+1/n%*n""
where P, (x) is the best n-th degree polynomial approximation to f(x), and the
Peetre interpolation space between C[—1,1] and the space (1 — x*)*f*(x) €
C[-1,1] is established. A similar result is shown for E,(f)=
infp, | f — P.llcivyy- Rates other than n™= are also discussed.

1. Introduction

Derivatives of polynomials of best approximation were recently investigated
by M. Hasson [2] and D. Leviatan [4]. The result obtained [4, Theorem 4] for P,
satisfying ||[f — P, || = E.(f)=infges, |f — Q|| in the C[—1,1] norm is

1.1) |PP(x) = K|A.(x)] w0 (f,1/n) fork=r,

where A, (x)=n""V1—x’+n""and o, (f, h) is the r modulus of continuity, that
is @, (f, h) = supos.=n {]AIf(x)]; [x —3rh, x +3rh] C [ -1, 1]},

Af(X)=f(x +h/2)—f(x—h/2) and Auf(x)=An(A}F(x)).

While it is clear from the term A,(x)™* that some care was taken to treat the
behaviour near +1, no such scrutiny is evident in the term w.(f,1/n). It is
known, and will be clear from this paper as well, that the polynomial of best
approximation is not as sensitive to smoothness near *+1 as it is to smoothness
inside the interval [—1+ 6,1~ &8}, for instance.

We will obtain the estimate

1.2) |P(x)| = K| A (x)| 0 ¥(f,1/n)
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where

(13)  @¥h)= sup (|Abcf () Lx = rey ()2, x + ry(x)/2) €[ - 1.1]

and y(x)=V1-x’. If we examine the functions f(x)=(1—x*)*? a <1, for
instance, we will find that D. Leviatan’s estimate yields |PY(x)|=
K(A.(x))™n™*"” and our estimate | P%(x)| = K(A.(x))“n™* (both for k = 1).
The expression w?*(f,h) was studied in detail as the K-functional of an
interpolation space, together with other related K-functionals, in [1, section 3].
In contrast, one has ||f — P.(x)|| = Ko *(f, 1/n). This latter type of result for L,
1 = p < o (which is the more difficult case), was announced by V. Totik in [8]. V.
Totik has an additional nontrivial term in the definition of » % which is the result
of treating the £, case (see also [1]); for L. no such term is needed. Moreover,
If = Pa(x)llc = Kw*(f,1/n) follows from a result of K. Ivanov [3] relating to the
moduli of continuity 7(f,A.(x)),, for p'=1, p == elaborated on by many
Bulgarian mathematicians in dozens of papers and given by

] 4, (x)
’ {2A,, (X)J:A,<x)
where the L, norm should be taken in [., B. ], where . and B, are the solutions
of x +3rA.(x)= +1 inside [—1,1]. The results presented here are in a sense
best possible. That is, if | PY(x)| = K(A.(x))"¢(n) where ¢(n) is decreasing,
¢ (n)=o0(1), and satisfies some additional conditions, then w*(f,1/n) = M¢(n).
This is the analogue to the Sunouchi-Zamanski theorem, see [6] and [9], that
states (for L,) that for T,, the trigonometric polynomial of best approximation,
| T = Mn" for @ <r if and only if f € Lip* a. (The result is valid for a = r
and for ¢(n)#n™")

In fact, this inverse theorem is an easy corollary of the asymptotic behaviour
of the derivatives of the polynomials of best approximation. Hasson [2] brought
an example to show that ||f — P, |~ 1/n and | P.(x)| ~ K log n occur for the same
f(x). From the present study this is shown to be natural, as ||f - P, |< Kn™" is
equivalent to w*,,(f,1/n)= Mn™" and | P(x)| = K(A.(x)) 'n”" is equivalent to
w’3(f,1/n)= Mn™" and even in the interval [—1+ §,1— 8] one should expect a
logarithmic term (using a Marchaud-type inequality).

(1.4) T (f, 8n (X))prp =

A‘:f(x)r"dy}”p'

P

2. Derivatives of P,, the polynomial of best approximation

For E.(f) given by E.(f) =infres, || f — P|lci-11) we have:
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THEOREM 2.1. If for some integer r and decreasing sequence ¢(n),

1
> 2"6(2")=M2"¢(2") and E.(f)=¢(n),
k=0
then for P,, the polynomial satisfying |f — P. || = E.(f),

2.1) [ PO(x )= My(A.(x)) " (n).

In particular, if for some r,
1
E k'Ez“ ) < le'Ezl (f)

then
2.2) |PO(x)| = Mi(A. (x)) "E.(f).

REMARK. The use of ¢(n) other than E,(f) will prove useful later. The
second statement of the theorem is just a special case which for the time being is
the most important. It should be noted that if E.(f) = n", the result above does
not imply (1.2) and Theorem 2.1 will be used as a step in proving (1.2).

Proor. For 2* =n <2 we write

Po(x) = Pi(x) = 3 (Pan(x) = Po()+ (Pux)~ Po(x).

We have P{(x)= P{(x)— P’(x) for r > 1, while for r = 1, P{(x) is bounded by
C|Ifll (C fixed and independent of f), and since P,(x)— Pi(x) would tend to
infinity under the condition of our theorem, Pi(x) may be neglected. We can
now write

[ Poi(x) = Pr(x)l| = Exi(f) + Ex(f) = 2¢(2') and || Pu (x) = Prs(x )| = 2 ().

We will now need the following Lemma, which is probably known but, as I
cannot find a reference (for r > 1), I will include a short proof after proving
Theorem 2.1.

LeEmMMA 2.2.  For Q., a polynomial of degree m,

ey lovwl=m(gEs) 1o 0=M () 1o

where M, is independent of Q,., m and x.

Using Lemma 2.2,
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o= M) |5 @)+ 260

éM,(%)'{2M2"*”’¢(2“')+2n'¢><n)}

(x)
= MX(#X))M@).

Using the technique of Theorem 6 in [5, p. 41] on PY, which is a polynomial of
degree n —r, we have (for n > 2r but otherwise the result is trivial)

|[PO(x)| = Kin'dp(n)(V1=x"+1/n)".

ProOF OF LEMMA 2.2, For r =1, (2.3) is well-known [5, Th. 3, p. 39]. Assume
by induction that it is known for r = k. Using the estimate

k — 1 — 0 1 + 0
|Q% )(x)|<M<y(x)) |O.]  for|xs/<1 and —zlx—lgxg—zm,
we have
(k) < m k .
L v e L

We now use the Lemma for r =1 where [—1,1] is replaced by the interval
—1—|x0])/2 = x =(1+|x0/)/2 and obtain

Qi) = Mo m

‘ m
Vl—((lxol+1)/2)2) (\/((lxol+1)/2)z_xz)llom I

For x = x, the above yields

0% )= M (5 ) (2 o) = v 2 (25 .

This being valid for all x, implies our result.

Actually we proved also the following result which will be useful later.

LEMMA 23. Suppose for a polynomial Q, of degree m, |Q.(x)|=
M[(1—x%)"?, then |Q\(x)|= Mim/(1— x*)*"

As a corollary of Theorem 2.1 we can deduce the inverse theorem for
polynomials of best approximation.
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THEOREM 2.4.  Suppose E(f)= Ko(n), Skoo2C0¢(2X) = M2'*$(2') and
¢ (n) is decreasing, then o’ .(f,1/n)= Kip(n).

PrOOF. Using Theorem 2.1, we have | P{"(x)| = C(A.(x))" ¢ (n). We can
now write, for x =3(r + Dty(x) €[ - 1,1],
|ATof (1) = AL (F(x) = Pa(x))| +

Using Taylor’s formula with integral remainder and the estimate above of
|PE,’+1)(“)|’ we obtain, for x +3(r + )ty(x) €[ - 1,1],

Ay Pa(x)| S 277 Eu(f) + [ AL o Pa (%)

L(tx)=

AP (x)|=Ci sup

fa|=(r+1)2

J.x (u—x+aty(x)) | P (u)| dul .

—aty(x)

For —1+(r+Dty(x)=x=1-(r+1ty(x) and u between x and x — aty(x)
where |a | = (r +1)/2, we have A, (x)= A, (u) = C:A,(x) where C; and C; do
not depend on x and therefore, for those x and for ¢t =1/n,

L(tx)= CiAn(x)) "o (n)(at) "y (x) " = Csd (n).

Forx = —1+(r+Dty(x)orx 21— (r+ )ty(x)and t = 1/n we use (A, (x)) ' <
n® and obtain

L(tx)= Con?y " ¢(n)(at) " (VI=x7)"' = Cr(n),
which together with earilier estimates concludes the proof.
We also have the following result.

CoroLLARY 2.5. Suppose E,(f)=Kdé(n), &(n) is decreasing and
k=02"d(25)= M2 ¢ (2"), then w*(f,1/n)= K, d(n).

ProoF. We may use the same proof, as we can derive from Theorem 2.1 the
estimate | P{(x)] = C(A.(x))"¢(n). The result also follows from the relation
between wi(f,1/n) and w¥..,(f,1/n), but it seems in the present context more
natural to use the estimate on [PY(x)].

3. The best polynomial approximation

A simple estimate for E,(f) is given in the following theorem.

TueoreM 3.1. For f € C[—1,1] and E.(f) = supses,
(3.D E.(f)=Kwi(f,1/n).

ReMARk. In [8], V. Totik states (without proof) for E,.(f,p)=

|f—P|, we have
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Supree, ||f ~ P|l., that

E.(p)S Kof, 1)y = K( sup 85, + sup J43fl, ).

For p == one observes that the second term in the definition of wy(f,1/n), is
dropped. Obviously, the case p = = is the easiest and (3.1) follows wi(f,1/n)=
Kiw¥(f,1/n). Moreover, it was shown by K. Ivanov (see [3]) in a series of papers
using the moduli of continuity 7.(f,¢),, investigated by numerous Bulgarian
mathematicians that among other things E.(f) = Kr,(f, As (x))1- where 7.(f,1),»
is given by (1.4) and it is not difficult to show that

(A0 (X o = 7. (f, A (%)) = K *(f, 1/10).

The above is valid, although the L. norm for 7.(f,A.(x)), - is taken in [a.,B.]
where a., B. are the solutions of x £3rA,(x)= *1 and in the present discussion
the L. norm is taken in [v.,8,] where y., 8, are solutions x ¥3ry(x) = 1 of,
and obviously [v.,d.] contains [a.,B.]. The well-known estimates on
|f(x)— P.(x)| (see [7] and [5]) for some P.(x) treat the case of uniform
smoothness and non-uniform convergence of |f(x)— P, (x)|. (This is in contrast
to uniform convergence and non-uniform smoothness here.) In that case P, (x)is
not the best polynomial approximation to f(x) in C[—1,1]. For completeness
we will give a straightforward proof of the Ivanov-Totik result for w3(f,1/n).
This proof will not depend on the properties of 7 (f, A, (x)),-, ; in fact we will not
get involved with those moduli.

For the proof of Theorem 3.1 as well as for later theorems we will need the
characterization of the K-functionals given in [1, Th. 3.1] with translation of the
singularity to —1 and 1 where a = 1/2. For this we recall the K-functionals

K.(t',f),

(32) K.(t.f)= , inf f(”fl let-1a+ £1(1 = 2P e )s

1+fa=

where f, € C[—1,1] and f, and its first r — 1 derivatives are locally absolutely
continuous in (— 1,1]) and (1 — x*y?f{’(x) is continuous in [ - 1,1]. (It would not
make any difference if we just assume (1~ x%)”*f{’(x) is in L...) With the above
setting [1, Th. 3.1] will yield:

THEOREM A. Suppose f € C[—1,1), then
(3.3) Mo*(f,)= K.(t',f) = Mo3(f,t)
where wi(f,) and K.(t',f) are given in (1.3) and (3.2) respectively.
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We will need for Theorem 3.2 as well as some subsequent theorems two
properties of w¥(f,h) given in the following lemma:

LeEMMA 3.2.  For w*(f,h) given in (1.3) we have

(3.4) Wl h)S201 (f%r—_'—l-h) (fork <1/2(r - 1))
and
(3.5) 0*(f.2h) = M(Nw*(f,h)

where M(r) is independent of f and h.

REMARK. While it is obvious that M(r)=2', M(r) may be actually bigger
than 2".

Proor orF LEMMA 3.2, To prove (3.4) we observe that

01,h)= sup { 180l )] x =S vt x + 5y [ cl- 1,1}

= sup { AI;&)f(x +§ty(x)) +

0<t<

Atof(x =300

[x —%ty(x),x +§rty(x)] cl- 1,1]}.

For ¢ =x*ty(x)/2 and —1+rty(x)/2=x =1-rty(x)/2 we have

L_(1-xY.

r—

1-£=

This follows, easily for —3< x <3 (at least for ¢ <1/2(r —1)). For x such that
x =3 we have ¢£.=x £ ty(x)/2 and trivially 1— £°=1—x>. We now write

(1-£)=1-&)1+ &)= (1 )A+&)=2.—5 (1— )= rl(l—xz)-
Similarly, we treat x = — 1/2, which now implies (3.4). We now use the definition

of K/(¢',f) and the fact that we have K,((2t),f)=2'K.(¢',f), which we combine
with (3.3) to achieve the estimate

U2 S 3 KN S 2 KNSR L0 )

and that is (3.5) with M(r) = (My/M,)2".
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The following Lemma will be the crucial step in proving Theorem 3.1.

LEMMA 3.3.  Suppose for some oddr, g,...,g" ™" are locally absolutely continu-
ous in (—1,1), g”(x) continuous in (—1,1) and |(1—x>Y?g”)c-rn= M,
then there exists a polynomial P,(x) such that ||g — P.|lcioiy= MLn™" where L
depends only on r.

ReMaRk. The lemma is valid for even r as well, and this will be proved later
because for this we will use Theorem 3.1 and in the proof of Theorem 3.1 we
need our lemma at least for odd r.

PrROOFOFLEMMA 3.3.  We may assume that the g(0)=g'(0)= -+ = g" "(0) =
0; otherwise we just consider g;(x) = g(x)— Q,-:(x) where Q,_, is a polynomial
of order r —1, g9’(x)=g"”(x) and g(0)=0 for 0=i <r. We have

)= [ g and g0l M [ e,
which implies for r =3
(1=x*)"22|g" Y(x)| = MR,.
Similarly, for i <r/2,
(1= x| x)| = MR,
and for i >rf2 (rz1),
|g" "(x)| = MR..

As r is odd, i = r/2 is not possible. In fact, the reason for assuming r odd is that
otherwise we would get for i =r/2 a term with logarithmic behaviour which
would interfere in our estimates. We now define F(t)= g(cost) for 0=t ==
The derivatives of F in (0, ) are:

F'(t)= —sintg'(cost), F"(t)=sin’1g"(cost)— costg’(cost),
FO(t) = —sin’ tg®(cos t) + 3sin t cos tg"(cos t) + sin tg'(cos t),

etc. In general we have

21-1

F™(t)= 2 bar-1(1)g* (cos )
=

and

2i—1

F®(t) = 2 Ya_(1)g® P(cos ).
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While ¢a-y,(t)=(—sint)'", é.,(t)= xsint, ¢y(t)=Gint)' and ¢y, (1) =
= cost, the exact expressions of ¢;; and y;, are quite complicated. We can,
however, see that the lowest power of sint in ¢u_i—j;i(t) and o (t) is
(sint)* ™" and (sin¢)* "> for 2] —1~2j > 0 and 2/ —2j = 0 respectively. There-
fore,

|@ai-1-p (D)= C()|sine [ 7% and |4 (2)| = C()|sint [

for those j. It is easy to observe that for other j, | ;:(t)] = C(I). More important
is the observation that for 2] —1—2j <0, | ¢z—1—;;(t)| = C(I)|sint|. (For other
j’s we showed a better estimate.) This follows the fact that ¢a_i_;:(t) is
composed of elements of the type sint - T(¢) for some trigonometric polynomial
T(t) and elements of the type

()= (a‘-’;)k’{(sint)'"'(zdt-)k'"'{(sim)'"v—l . (%)k‘(sim)mn } . }

where 2k, +Zm; is 21 -1, i.e. odd. (We also know that m; =1 and that
2 m; =2l —-j—1and X k; = j, but that latter information would not add anything
there.) As a power series, I(t) is odd or even with 2 k; + 2 m; and therefore odd,
but I(¢) is a combination of powers of sin¢ and cost and therefore, using also the
same argument at (¢ — ), a multiple of sint

We examine the function F(t) and its derivatives. As

(1 _ x2)(r—2i)/2|g(r—i)(x)l = MR,’,

F®(t) is bounded in (0,7) and so are FY(¢) for j <r. Moreover, for an odd
number 2/ — 1, 21 — 1 < r we will show F® 0+ )= F* (7 —)=0. For terms
da-j-(1)g® (cost)  where  21-1-2j>0, we  have, using
[(sint) ¥g“"(cost)| = MR;,

'(SlI] t)21—1—2jg(21—1—j)(x)| — I(Sln t)r—Z(r—ZH-l)—ng(r—(r—2[+1)—i)(x)l 'Sin t Ir—21+l

= MR, 114 |sint |7,
For terms ¢u-;-1(¢)g® " (cost) where 2] —1-2j <0,
g9 Px)| =1g" "(x)|=M, fori=(-20+1)+j;
since

. 1 . 20-1
l=§r+-2-(r—21+1)+(]——2—)>

DO~
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we recall that the coefficient of g®~'cost) in that case was bounded by
Clsint| and therefore | dz-;-1(t)g® ') < K |sin¢|. For this reason F(t) can be
defined on [—m, 7] as a periodic function by F(—t)= F(t) which preserves
derivatives in both edges of the interval [0, 7) (as the same argument is valid for
a). We can find a trigonometric polynomial T,(t) such that

IE(@) = To(t)|lct-nm = C|Fn™".

Moreover, since F(t)= F(—t), we can choose T,(t) as an even trigonometric
polynomial (the De la Vallee Poussin operator

Vin(F, 1) =202 2(F, 1) — 0a(F, 1)

would be such a choice). The even trigonometric polynomial T, (t) can be written
as P.(cost), a polynomial in cost. We complete the proof of the lemma by
recalling that

” F(')(t)”c[o,w] = B(")”(l - xz)'/zg(')(x)||0(~1»1)-

ProoF oF THEOREM 3.1. Using Lemma 3.2 it will be sufficient to prove (3.1)
for odd r (and in fact for any subsequence of the integers). While it is puzzling to
me, it is nevertheless easier in the proof of Lemma 3.3 to assume that r is odd.
With the aid of Lemma 3.3, we now choose f:,. and f., such that

[finlesn+ n 7 QU= Y PO e = 2K (n 7 f).
We now choose the polynomial P, to fit g = f,,.(x) in Lemma 3.3; the constant
M for that g will be 2n'K,(n™",f), and therefore
If = P =1 finl 41 fon = Pl =2K (07" f)+2n 'K, (n ", f)Ln™"
=Q2+2L)K, (n7,f)=(2+2L)M:0%(f,1/n).

4. Corollaries and extensions

In this section we shall be able to extend Lemma 3.3 and Theorem 2.1 just by
applying Theorem 3.1, to the particular situation.

LemMA 4.1. In Lemma 3.3 we may drop the condition that r is odd.

Proor. If ||(1 - x3)"g®"(x)lcr-1u = M, we can show w3...1(g h)= Mk -h*"
This follows using the expansion of g by Taylor’s formula with integral
2m+1

remainder involving the 2m derivative in the expression A, g{(x). Using
Theorem 3.1, we obtain our result.
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THEOREM 4.2.  For P,(x) the best polynomial approximation in [ —1,1] to f, we
have

CAY | PP = M(r) (8. (x) @ (f 1/n).

Proor. Using Theorem 3.1, we have E,(f) = Cw’(f,1/n). Using Lemma 3.2
we have ¢(2¥)= M(r) *¢(2') where ¢(n)= w?*(f,1/n). Choosing s such that
M(r)27 "' =1 we have

! !
2k(r+s) 2k é 2l(r+s)2(k—l) 2(k—l)(r+sfl)Ml~k 21
PDERETCSEDY [ l6@)
§ 221(:+x)¢(2l)‘

(For ¢(n)~n* where a =r or ¢(n)~n*logn® where a =r, s =1 is suffi-
cient.) Therefore, using Theorem 2.1, we have

4.2) | PC 00| = K (A (x)) 0 *(f, 1/n).

To show that (4.1) is satisfied, we have to show that (4.2) for s = m + 1 implies
(4.2) for s = m. We now write

X e r+m r+m r+m r+m
‘ (ﬂJ) P )(f)’ = IAY(X),,.P,.(x)| = {Am,,,.(P,, _f)| + |A7(x),,.f(x)|

n

<2 Ko (f1/n) + o 1/n) =27 Ko® [ £ 1)+ 2mer (£ (212" L
n 3 r n

. l)

éL(r)w,(f,n

for some ¢ satisfying x —(r + m)y(x)2n <& <x +(r+m)y(x)/2n. We now
write

(H) by - P )

n

) r+m

7
lin—)) o*(f, 1/n)K’ A (w)" " 'dul.

L(&x)=

A

J’ P Y u)du

IIA

|
(
(

For 1—|x|=(r+m)y(x)/n,

L(gx)= K(y—%)> ot (f 1/n)l£_2<y(x))”m“ = Ko*(f,1/n)
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and for 1—|x|=(r+m)y(x)/n (or y(x)=Cn?),

160 = K(H) w1 1my B oy = Kot Um).
Therefore

(a2

n

= Kso*(f,1/n)
and using the fact that we can interpolate the polynomial P{"™ at the zeros of
the Chebychev polynomial of order n — r — m as was done in [4, p. 41], we get
[P0 = ML)t (2 ).
5. The inverse result for derivatives
In this section we will show that in some sense Theorem 4.2 is best possible.

THEOREM 5.1.  Suppose P, (x) is the polynomial of best approximation of degree
n, | PO(x)| = MAL(x)) '¢(n) with ¢(n)=0(1), n—>, ¢(n) decreasing, then if
S(p(n)n)<o, o¥(f,n)=SKZi.,¢Q2"n), and if i, (2n)=Lp(n), we
have w*(f,n ") = K,¢(n).

REMARK. Only for very slowly decreasing sequences ¢(n) do we have
2(¢(n)/n)=o. For instance, ¢(n)=n"°, a = r satisfies both conditions, and
[PV(x)| = M(A.(x)) 'n™ implies w*(f,1/n)= K,n "

PrOOF. Using |PV(x)|=M(A.(x))'¢(n) we write [P — Pu(P)|=
M, ¢ (2n) where P,(P,,) is the best n-th degree polynomial approximation to
P,,. We observe that

M,¢@2n)z| P.. _Pn(Pzn)quf‘Pn(Pzn)”_"f_P?n |z E.(f) = E:n (f).

This implies
E.(f)= X Ect(f) = Exs() =M, 3, $(2'n).

The sum on the right is convergent if and only if 25, (¢ (n)/n) is. Moreover, we
can now write

[ AL yn(F ()] = [AYeynl(F(x) = P (X)) + | AbeynPa (x)]

=2E.()+ [P0 (12)
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for some x—ry(x)2n<§é<x+ry(x)2n. Using Lemma 2.3, we have
[Py P(x)| = C(Aa(x)) " '@ (n) and therefore
lPﬁ"@)— P‘,{’(x)] (Jﬂ%})g (lﬁﬂ>’ L‘}p"*”(u)

n du = Co(n),

which implies
1po) (1) = (X2 1Pyl + Coms Cuaim)

The second result of the theorem is useful but is just an immediate consequence
of the first.

6. Conclusions

A simple version of our theorems for ¢(n)=n"" can be summarized by the
following corollary:

CoROLLARY 6.1. Suppose E.(f)=infoes,||f— Q| and P. satisfies E,(f)=
|f = P.||, then
@) fora=r

[PO(x)|=C@A(x) ™" ifand only if 0*(f,1/n)= An"*;
(b) fora <r
E.(fy=Cn" ifand only if 03(f,1/n)= An"".

REMARK. In particular, |PP(x)|=C(A.(x))'n™" is equivalent to
0’(f,1/n)=An"" and E.(f)= Cn™" is equivalent to w*.,(f,1/n)= An"". The
above provide an explanation for the result of Hasson [2, Th. 4.1], that there
exists a function for which E.(f)=A/n and |Py(x)|lci-1+51-5)= K logn. We
remember that o 7.,(f,1/n)= An " implies w*(f,1/n)= A,n""logn and that is
the best estimate for some functions, even on (—1+48,1—-8). For ¢(n)=
n""logn we have by Theorem 4.2 and 5.1 w¥(f,1/n)~ A,n""logn is necessary
and sufficient to |P{(x)| = C(A.(x))"'n " logn.

REFERENCES

1. Z. Ditzian, On interpolation of L,[a,b] and weighted Sobolev spaces, Pacific J. Math. 90
(1980), 307-323.

2. M. Hasson, Derivatives of algebraic polynomials of best approximation, J. Approximation
Theory 29 (1980), 91-102.



354 Z. DITZIAN Isr. J. Math.

. K. G. Ivanov, A constructive characteristic of the best algebraic approximation in L,[—1,1],
1=p éw Constructive Function Theory 81, Sofia, 1983, pp. 357-367.

4 D. Leviatan, The behaviour of the derivatives of the algebraic polynomials of best approxima-
tion, J. Approximation Theory 35 (1982), 169-176.

5. G. G. Lorentz, Approximations of Functions, Holt, Rinehart and Winston, 1966.

6. G. L. Sunouchi, Derivatives of trigonometric polynomials of best approximation, in Abstract
Spaces and Approximation, Proceedings of the Conference held at Oberwolfach, Birkhauser Verlag,
1968, pp. 233-241.

7. A. F. Timan, Theory of Approximation of Functions of a Real Variable, Pergamon Press
(MacMillan Co.), 1963,

8. V. Totik, The necessity of a new kind of modulus of smoothness, in Approximation Theory and
Functional Analysis, Proceedings of Conference held in Oberwolfach, 1983, Birkhauser Verlag,
1984, pp. 233-249.

9. M. Zamanski, Classes de saturation de certains precédés d’ approximation de series de Fourier
des fonctions continues et applications a quelques problémes d’ approximations, Ann. Sci. Ecole Norm.
Sup. 66 (1949), 19-93.



